Free-form surfaces (FFSs) provide more freedom to design an optical system with fewer elements and hence to reduce the size and weight of the overall system than rotationally symmetric optical surfaces. In this paper, an optical see-through (OST), head-mounted display (HMD) consisting of a free-form, wedgeshaped prism and a free-form lens is designed and fabricated through the injection molding method. The free-form prism for the projection system is designed with a field-of-view (FOV) of 36°; the free-form lens is cemented to the prism for the see-through system to achieve a FOV of 50°. The free-form prism and lens are expanded at the edge area during the design stage in order to reduce the effects of surface deformation in the working area in molding fabrication process and to improve ergonomic fit with the head of a user. The tolerance analyzes considering the mold design for the free-form optical systems are carried out using the Monte Carlo method. The FFS optical elements are successfully fabricated and the system performance is carefully examined. The results indicate that the performance of the OST-HMD is sufficient for both entertainment and scientific applications.
Introduction
Head-mounted displays (HMDs) have been used in a wide range of virtual reality and augmented reality applications [1, 2] . Particularly, an optical see-through (OST) HMD is used to obtain an enhanced view of the real environment, thus has many applications in medical visualization, surgery, engineering, training, flight simulation, and three-dimensional (3D) entertainment [1] [2] [3] [4] [5] [6] [7] [8] . An OST-HMD consists of two optical paths, namely the projection imaging path and the OST path. The projection system magnifies the microdisplay image and projects the magnified image to human eyes, while the see-through system allows the light from a real environment to be transmitted to the eyes directly and clearly with minimal distortion.
Designing a lightweight OST-HMD with a wide field-of-view (FOV) and a low f -number is challenging. The development of HMDs has evolved from coaxial rotationally symmetric and refractive structures to catadioptric structures to obtain larger FOVs. Generally, these optical systems use a large number of optical elements, optical decenters/tilts, and some diffraction/holographic optical elements. These systems can achieve high performance and wide FOVs [9, 10] . For example, the L-3/Link HMD has a 105°FOV. Unfortunately, these systems are not only expensive, but also very challenging to assemble and very heavy and cumbersome to wear. Therefore, their suitability beyond military and laboratory applications are limited. Different from conventional systems, several novel optical technologies are adopted to reduce the system cost and weight while maintaining an acceptable performance.
There are several types of lightweight and compact HMDs, including the waveguide and free-form surface (FFS) HMDs [11] . Amitai and Friesem employed the holograph-waveguide into HMD in 1988 [12, 13] . Thereafter, Lumus and Optinvent produced waveguide HMDs [14, 15] , Sony announced a fullcolor holographic-waveguide HMD in 2008 [16] , and Vuzix has been collaborating with Nokia to develop see-through waveguide optics for HMD systems [17] . Waveguide HMDs can reduce the thickness of the element in front of the eye to 2-4 mm, but the FOV is often limited because of stray light or chromatic aberration issues.
Morishima et al. first proposed the FFS HMD in 1995 [18] . Hoshi et al. first developed a wedge-shaped FFS HMD that has a 34°FOV and system thickness of 15 mm [19] . Yamazaki et al. further designed an OST-HMD with a 51°× 37°FOV, which consists of an FFS prism and an FFS auxiliary lens. Cheng et al. presented the development of an FFS OST-HMD with a diagonal FOV of 53.5°, an eye relief of 18.25 mm, and an exit pupil diameter of 8 mm [20] . In 2011, Cheng further proposed a 68°HMD with a resolution of 3 arc min by tiling two wedge-shaped FFS prisms on their bottom surfaces [21] . Compared with waveguide HMDs, the thickness of a freeform HMD is larger, but the potential FOV is much wider and the system is much less prone to stray light problem than the waveguide approach.
It is difficult to design a FFS OST-HMD with wide FOV and low distortion simultaneously. Besides various design challenges which were addressed to some extent in our previous work [20] , many engineering challenges related to FFS HMD fabrication and system integration remain unsolved. For instance, it is critical but challenging to account for various aspects of fabrication and system integration issues into the optical design process to improve the overall system yield and performance. Rather than concentrating only on the optimization method as in our previous work, the main contribution of this paper lies in the development of optical design strategies to address a range of engineering challenges for injection molding high-performance FFS elements.
Injection molding is an effective approach for reducing the production cost of FFS elements [22, 23] . However, achieving high-precision free-form elements through injection molding remains to be a challenge. The challenge is partially due to the lower surface accuracy than other fabrication process, but more importantly material shrinkage during molding process is a major factor. These challenges are properly addressed in this paper by developing optimization strategies with proper considerations of injection molding requirements (Section 2), performing Monte Carlo tolerance analysis according to injection molding considerations (Section 3), and designing proper optical inserts and molds (Section 4).
The experimental results (Section 4) demonstrate that properly addressing these engineering considerations can improve the system performance and productivity.
Design of the FFS OST-HMD

A. System Overview
The FFS projection system is designed with a 36°F OV and the see-through system is designed with a 50°FOV (Table 1) . The system is designed with a 7 mm exit pupil diameter and an eye relief of 23 mm. The microdisplay resolution is 800 × 600 and the pixel size is 15 μm, which corresponds to a Nyquist frequency of 33 lps∕mm. Figure 1 shows the two-dimensional optical layout of the FFS OST-HMD optics in the YZ plane. There are two ray paths in the system. The first ray path is for the projection system through which the image on the microdisplay is magnified and projected into the eye. Light emitted by the microdisplay is successively refracted by surface 4, reflected by surface 2 through total internal reflection (TIR), partially reflected by surface 3, and finally transmitted through surface 2. The second ray path is the seethrough system through which a real scene is viewed directly by the eye through three consecutive refractions by surfaces 5, 3, and 2.
Both of the two elements are designed with optical plastics to reduce the overall weight. To improve the thermal and environmental adaptability of the OST-HMD system, the optical plastic material APEL is used in the system design [24] . APEL has similar optical characteristics with polymethyl methacrylate (PMMA), but has higher thermal stability and corrosion resistance, and lower water absorption and expansion coefficient [25] .
For modern optical designs with aspheric surfaces and asymmetric structures, more fields have to be sampled to accurately describe the aberration characteristics and the system performance [26, 27] . For systems with asymmetry, especially for the FFS prism, the sampling has to cover the entire FOV instead of being represented by a single (tangential) section [18] . In this design, we sample 50 fields for the optimization. Considering CODE V (Synopsys Inc) can define 25 fields for each configuration, we set up the system as two configurations and only zoom the fields. Figures 2(a) and 2(b) show the polychromatic modulation transfer function (MTF) curves of selected fields for the projection and see-through paths, respectively. They are evaluated up to the Nyquist spatial frequency of 33 lps∕mm with a full exit pupil of 7 mm. Due to space limitation, we only provide the MTF curves of 5 fields, including the center and marginal fields, while the rest of the fields demonstrate balanced performance as shown by Figs. 2(c) and 2(d) which are the MTF field plots across the whole field of view of the system for the midfrequency of 16 lps∕mm. Almost all of the MTF values are higher than 0.1 in the projection system and larger than 0.2 in the see-through system at Nyquist frequency.
B. Design Strategies and Optimization Constraints
The design strategies of FFS optical systems are slightly different from those for the conventional systems. The starting point of a conventional optical system design can be easily adopted from patents [20] , but in most cases, very few optical systems are available as a starting point for an FFS optical system. Alternatively, the starting point for an FFS element may be obtained by the differential equation method such as Wassermann-Wolf method [28] or the simultaneous multiple surface method [29, 30] . During the design process, we use a progressive design strategy to approach the design requirement [20] . In the final design stage, the critical step is to balance the optical performance of the system across the sampled fields. An automatic image performancebalancing algorithm is used to further improve and balance the system performance [31] .
Successful optimization of an FFS optical system also depends on suitable optimization constraints, such as valid physical constraints to ensure that the three surfaces maintain a valid prism shape with a desirable center and edge thickness, aberration constraints, TIR constraints, and anti-TIR constraints. All the details of the design strategies and optimization constraints were well discussed in our previous work [20] .
Besides the optimization strategy and constraints mentioned above, techniques are developed to address the remaining issues discovered through our subsequent work and to account for the various engineering challenges in the process of injection molding production of the FFS elements. These techniques include (1) the local curvature of each FFS is deliberately controlled to avoid rapid surface deformation, and the FFS elements are designed with extended zones beyond the effective optical areas to reduce the deformation of the surface working areas in the process of molding production; (2) the see-through path is deliberately optimized to limit the amount of distortion caused by the anamorphic ratio in two orthogonal directions and to minimize the residual optical power of the cemented eyepiece; and (3) a tolerance method of the freeform-optical system is developed to account for the various aspects of affordability of the injection molding process. The first two techniques are detailed in the Sections 2.C and 2.D, whereas the tolerance technique is described in Section 3.
C. Local Surface Shape Control and Surface Extension
There are two major factors that typically affect the performance and yield of the FFS eyepiece system shown in Fig. 1 in the fabrication process. First, nonuniform material shrinkage is a major cause of surface deformation and surface accuracy degradation for injection molding. This is particularly important for the FFS prism and lens elements because of large variation of thickness across the surface. The edge zones of the surfaces are expected to experience more significant deformation than the center zones, leading to noticeable image quality degradation in the marginal fields. The second major challenge is the ability to cement the two elements in high precision. The rear surface of the FFS prism and the front surface of the lens should be precisely cemented, which is very difficult due to the free-form nature of the two surfaces. Inaccurate cementing would create air gaps which may cause ghost images and image contrast degradation due to multiple reflections on the two adjacent surfaces.
Two strategies are implemented during our design process to address the engineering issues described above. The first one is to create extended zones beyond the effective optical aperture, as shown in Fig. 3 . The shaded areas illustrate the extended zones, while the solid white areas show the effective zones of the elements for the designed display and see-through FOVs. The extended zones can help to alleviate the deformation of the surfaces inside the working area. Additionally, an extended element allows the addition of built-in alignment features that facilitate the cementing fixture design to improve cementing accuracy. Finally, an extended element affords less obstruction to the see-through visual field for improved viewing comfort and peripheral awareness.
The second strategy is to control the local slope and curvature variation of each FFS surface to avoid rapid surface shape changes, which reduces fabrication difficulty and the effects of surface deformation.
Because the surfaces of FFS elements are extended at the edges of their optical aperture and the local curvatures of each of the FFS surfaces are controlled for smooth surface changes, the design difficulty is increased. Two methods are used to control the local curvatures: (1) keeping the highest order of the FFS coefficients as low as possible and (2) adding the local curvature constraints of the FFSs during the optimization process. The drawback of limiting the order of FFS coefficients is that it may affect the ability to correct high-order aberrations. It could be used if the system performance is sufficient with lower-order polynomial coefficients. To implement the surface shape controls, a grid of points are sampled on each FFS, especially for the edge area of the element. The local curvatures of each point are calculated by using an embedded function named SASF in the optical design software CODE V, then the local curvature optimization constraints are built by directly limiting the value within a small and acceptable value according to the fabrication ability. the extended surface 3 (S3) along the X and Y axes, respectively. The local curvature of S2 varies from −0.02 to 0.02, whereas the local curvature of S3 varies from 0 to 0.04. However, at the surface corners, especially at the upper corner, the local curvatures are larger than other area, but it could be ignored because these areas will be trimmed in the final FFS prism.
D. Distortion and Residual Optical Power Control for the See-through System
The key to the see-through path design is to eliminate the distortion to the real-scene view introduced by the FFS prism and minimize the residual optical power of the cemented FFS prism and lens. One of the most dominant distortion factors is the anamorphic distortion caused by differential magnifications in the two orthogonal directions, which is evidenced by the nonunit anamorphic ratio of the see-through path. The presence of anamorphic distortion causes the perception of distorted aspect ratio of the real world. In other words, the scene viewed through the see-through path is more shortened or enlarged in one of the orthogonal directions than the other direction. Another commonly noticeable artifact through such a type of cemented prism and lens is the scene viewed through the cemented element appears to be larger or smaller than the actual object, which is due to residual optical power of the cemented element.
In order to minimize the artifacts described above, constraints are introduced to control the principal curvatures of surface 2 and the residual power of the OST system. During the design process, two distortions are controlled:
(1) The ratio of the radii of curvature in both the tangential and sagittal directions of the front surface (S2) is limited within a certain range, by adding the following constraint:
wherein R x and R y are the radii of curvature along the X axis and Y axis, respectively.
(2) The chief ray heights on the image plane are constrained to minimize the distortion to a reasonable value.
For a common visual optical system, the distortion is typically within 3%-5%. However, owing to the special distortion control method used in our design, we are able to control the distortion of both projection and the see-through systems within the small range of 0.5%. The anamorphic distortion ratio of the seethrough system is 1.05, and the ratio of the two principle radii of curvature is 0.5, which satisfies the constraint defined by Eq. 
Tolerance Analysis
Tolerance analysis plays an important role in optical design because it is directly related to the optical fabrication, alignment, and cost. By carefully evaluating the parameter-variant/image-effect interaction, and paying particular attention to the negative and positive aspects of these interactions, we can avoid overdesign and assign tight tolerances only where needed. Such analysis helps to determine the allowable limits for different fabrication and alignment errors. For the FFS OST-HMD system, each surface has many optical parameters related to tolerance analysis.
The tolerances of the FFS OST-HMD system are analyzed in two phases. First, we analyze various tolerance factors separately to obtain the sensitivities of each tolerance. Second, the tolerances are analyzed together to obtain the final tolerance analysis result. The flow chart of the tolerance analysis is shown in Fig. 6 . The advantage of the two-phase analysis is that the designer can clearly observe the effect of tolerances and directly obtain a guide for reoptimization.
In our analysis, each surface's parameters such as radius of curvature, refractive index, decenters such as y-and z-decenters, α-tilts, surface coefficients including conic constants, and aspheric coefficients are considered. The fabrication and alignment errors are chosen for the parameters of all surfaces. Nine types of tolerance errors are introduced in the tolerance analysis, as listed in Table 2 . Eleven typical FOVs are selected, covering half of the entire fields along the X-direction during the tolerance analysis (as shown in Fig. 7) . Table 3 lists the normalized FOV values.
A. Sensitivity Analyzes on Individual Tolerance
The surface sag, surface tilt, and surface deformation are taken into account during the sensitivity analysis. The merit function is constructed by the MTF of the FFS system. The analyzed frequency is 16 lps∕mm, which is half of the Nyquist frequency.
Sensitivity analyzes are carried out for each selected tolerance separately by applying a single tolerance and implementing the MTF calculation. Figure 8 shows the results of single tolerance sensitivity analyzes for all sampled fields. The abscissa axis stands for different tolerances such as DLT, DLS, and the ordinate axis is the value of MTF. The results show that the top corner field F4 is the most sensitive one among all of the sampled fields, and the surface sag error (DLS) tolerance is the most sensitive one among all tolerances.
B. Roughness Tolerance of FFS Surface
Various methods can be used to calculate surface roughness, but most of them may not be suitable for optical tolerance analysis. Considering the white light spectrum in the FFS prism and convenience for evaluating the imaging quality, this paper presents an evaluation method for roughness based on wavefront error.
The process of this calculating method is as follows. First, an interferogram file (INT file) is randomly generated with a 64 × 64 grid for each analysis. Second, the INT file is attached onto an optical surface. Third, the imaging quality is evaluated. The tolerance is then analyzed with the Monte Carlo method. We assume that the roughness tolerance is uniformly distributed. The surface roughness of the mold is assumed to be 5 μm.
In the roughness analysis, 3000 Monte Carlo simulation trials are carried out, and the results are shown in Fig. 9 . The largest possible decrease in MTF with 99.9% cumulative probability is −0.035.
C. Overall Tolerance Analysis
The overall tolerance analysis is first carried out using the Monte Carlo method with the default tolerance values listed in Table 2 . Figure 10 plots the overall analysis results of the probable changes in MTF values with different cumulative probabilities. In the worst case, the decrease in MTF value with 99.9% cumulative probability is −0.15. Then the tolerances with higher sensitivities are gradually tightened to reasonable values. The tolerance analysis process is repeated until the fabrication cost and the system performance reach a good balance.
Finally, an overall tolerance analysis is conducted using the adjusted tolerance values in Table 4 . The simulations are carried out by 3000 trials. Figure 11 shows the analysis results. The largest probable change in MTF with 99.9% cumulative probability is −0.1. The MTF at 16 lps∕mm is higher than 0.35. If this value decreases to 0.25, the image quality should still be acceptable, which is verified by the experimental results in Section 4.
It is noted that the DLS tolerance is more sensitive than other types. However, it is not assigned a tighter value because it is necessary to let the tolerance value of DLS be multiple times the surface roughness, which is 5 um. In the result of the analysis presented in Fig. 11 , four times is assumed.
D. Analysis of the Movement Along the Mold Axis
Since the FFS prism and lens are fabricated by injection molding, the tolerance analysis differs from conventional analysis. Three axes of the mold can be adjusted to obtain a system with a better performance during the injection molding process. Figure 12 illustrates how the mold is adjusted. The adjusting axis of the mold may deviate from the normal axis of the surface at the origin, which corresponded to tilt/decenter tolerances.
In other words, the surface decenter errors are determined by the displacement of the mold. The errors can be specified into the mold movement (DMZ) and the angle along the adjusting axis. The tilt angle of the adjusting axis (DMA) is also related with the decenter tolerance of each surface. Considering the mold only moved along the Z axis during the molding process, the relationship between them can be expressed as
DLY and DLZ are the displacements of the Y and Z axes as shown in Fig. 13 ; DMZ is the moved distance along the mold axis; α is the angles between the mold moving axis and the Z axis; and i stands for the mold of the ith surface, I 2, 3, 4. The aforementioned tolerances are analyzed. The value of the axis angle is within 5°, and the value of the shift is 15 μm with a 5 μm step. Figure 13 shows the analyzed results. The largest probable change of MTF with 97.7% cumulative probability is −0.04. The largest probable change of MTF with 99.9% cumulative probability is about −0.05.
E. Tolerance Analysis Discussion
From the results of the comprehensive analysis (Table 4) , the setup tolerances can satisfy the manufacturing requirement. Although the F4 has the greater tolerance sensitivity in the sensitivity analysis, it is in a reasonable range in the comprehensive analysis. Among the different tolerance errors, surface tilt is more sensitive than others while the thickness of surfaces are insensitive. Generally, the tolerance budget is assigned according to required system performance. This budget is negotiated between the optical components and the mount components based on trade-offs between cost and manufacturing skills. Different cases of tolerance analysis for the FFS OST-HMD system are being analyzed. We have sorted out flexure tolerances for the FFS HMD optical systems. It is found that most parameters are flexible and insensitive while a few are very stringent and more sensitive to the degradation of the image quality of the system. Such analysis is helpful for cost-and performance-effective fabrication of freeform optics.
Experiments and Production of FFS OST-HMD Systems
Essentially, an optical injection mold consists of a mold base and special inserts that contain both the optical and mechanical configuration of the product. Mold bases are commercially available standard Table 2 . Table 4 .
bases, sized for the number of optics to be produced at one time and for a specific molding machine. The inserts are generally hardened stainless steel, fitted to highly precise tolerances. The optical surfaces of the inserts are fabricated by a 5-axes diamond tooling machine and polished to such a degree that post-molding processing is unnecessary.
A. Inserts Design of the FFS Elements
The 3D mold design of the FFS prism is a critical step in the injection molding process. An important design consideration in multielement systems is centration. In order to center and cement the FFS prism and lens without the use of expensive mount designs, it would be best to consider this feature during early stages of design. Equally important is the cost savings that result from molding the optical element integrally with plastic location bosses, slots, and attachment pins. The bosses and slots are molded with integral mounts that interlock for automatic alignment and cementing, while the integrally molded pins can locate the optic on its mating part with the microdisplay. Based on the designed structure of FFS elements and the discussion above, the inserts of FFS elements for the mold with extended edges are designed, as shown in Fig. 14 . On the edge of the FFS elements, slots and bosses are designed for centering alignment and cementing the two elements, and handles are designed for easy integration with the microdisplay, as shown in Figs. 14(a) and 14(b) . The bottom surfaces of the two elements are also designed to be located in a same plane to help align the two elements.
B. Design of the Injecting Mold
The number of cavities in a mold is a critical area between the volume and marketing demand. Production molds can have 1-32 cavities. Most of them have 1, 2, 4, or 8 cavities, and 12-32 cavities are seldomly used unless for extremely high volumes. The maximum number of cavities is also determined by the required optics quality and molding machine size [22, 23] . We are using four cavity molds for the considerations of volume, cost, pressure balancing, the size of the mold, and the molding machine. Figure 15 shows the removable mold and the FFS elements. The injection mold is designed to produce two pairs of FFS prisms and lenses simultaneously. The size of the FFS prism is 36 mm × 26 mm × 12 mm, whereas the size of the FFS lens is 36 mm × 25 mm × 10 mm. The total weight of the two elements is 14 grams.
C. System Performance Testing Experiment
The FFS prism and lens are tested to ensure its performance is sufficient for an OST-HMD application. The performances of the two imaging paths are verified separately at first and then tested together. Figure 16 shows the developed prototype of an OST-HMD.
To test the imaging quality of the FFS prism elements, a resolution-testing target is used to examine the magnification, resolution, distortion, and contrast at specific wavelengths of the optics. Figures 17(a) and 17(b) show the photos of the resolution target digitally captured through the see-through path and the projection path, respectively. The target of the see-through system is displayed on a 21 in. LCD display, while the target of the projection system is displayed through a 0.6 in. OLED microdisplay. Both photos are taken at the exit pupil of the system to demonstrate the image quality of the two optical paths. As shown in Fig. 17 , most of the minutiae on the resolution target can be clearly resolved. The image quality of Fig. 17(a) is higher than that of Fig. 17(b) , which agrees with the design results shown in Fig. 2 . The images indicate that the distortion of the OST-HMD is negligible for both paths.
With the help of the slots and bosses molded, the FFS prism and lens can be easily centered and cemented together after coating. We then verify the performance of the prototype system for an augmented reality application. Figure 18 shows the test experiment for the whole OST-HMD. Figure 18 (a) is the experimental setup and Fig. 18(b) shows the displayed image. The teapot is superimposed on the real-world scene. The mechanical support shown in Fig. 18 is printed by the 3D printer of Object Geometries Ltd. [32] . The experimental results demonstrate that the fabricated FFS prisms have a satisfactory imaging performance to be used in virtual reality, augmented reality, as well as 3D entertainment applications.
After the examination of the FFS elements and the OST-HMD system, we produced and tested fifty pieces of the FFS prisms and lenses, as shown partially in Fig. 19 . Most of the systems meet the requirement, except for a few failures due to coating and cementing, corresponding to a yield rate higher than 95%, which is, of course, partly because it is a visual system and the human eye has a great capability of self-adjustment.
Conclusion
In this paper, a dual FOV OST-HMD with extended zones is designed and fabricated. The projection path has a diagonal FOV of 36°, whereas the see-through path has a diagonal FOV of 50°. The overall dimension of the OST-HMD is 36 mm × 30 mm × 12 mm, and the weight is 14 g. During the design process, additional constraints to improve the performance are addressed in the optimization methods. The tolerances analysis, including the traditional type of tolerances and the factor caused by injection molding techniques, is also comprehensively and specifically performed by the Monte Carlo method.
The injection mold is designed with four cavities. The inserts of the optical surfaces are fabricated by a 5-axes diamond turning machine. Finally, experiments are performed to test the imaging quality of each element and also for the whole OST-HMD system. The results show that the performance of the FFS OST-HMD is sufficient for many applications. Several dozens of the FFS elements are then fabricated and their performances are examined. It is demonstrated that the design method of the FFS elements is suitable for mass production.
